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Sum Theorem cover 2
cover cover (Finite Sum Theorem)
cover $($Countable Sum $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m})_{\text{ }}$ locally finite cover (Locally Finite Sum Theorem)
$\mathrm{p}\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{t}_{\text{ }}$ hereditarily
$\mathrm{n}\mathrm{o}\mathrm{r}\mathrm{m}\mathrm{a}1_{\text{ }}$ collectionwise $\mathrm{n}\mathrm{o}\mathrm{r}\mathrm{m}\mathrm{a}1_{\text{ }}$ countably paracompact
$A$-weakly infinite-dimensional $C$-space Sum Theorem
$C$-space Sum Theorem
2 $C$-space
$C$-space Haver [4] 1973
(Haver [4]) $(X, d)$
$(X, d)$ : $C$ -space in the sense of Haver ( H-C-space )
$def$
$\Leftrightarrow\forall\epsilon_{i}>0$ $(i<\omega)$
$\exists H_{i}$ : pairwise disjoint collection of open subsets of $X(i<\omega)$
$\mathrm{s}.\mathrm{t}$ . $\forall H\in H_{i}$ $d(H)<\epsilon_{i}$ , $\bigcup_{:<\omega}H_{i}$ : cover of $X$
Haver
(Haver [4]) $(X, d)$
$X$ : countable-dimensional $\Rightarrow(X, d)$ : H-C-space
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Haver $C- \mathrm{s}\mathrm{p}\mathrm{a}\ovalbox{\tt\small REJECT}$
Addis Gresham 1978 $C- \mathrm{s}\mathrm{p}\mathrm{a}\ovalbox{\tt\small REJECT}$
(Addis and Gresham [1]) $X$ .
$X$ : C-space
$\Leftrightarrow\forall \mathcal{G}idef$ : open cover of $X$ $(i<\omega)$
$\exists 7\{i$ : pairwise disjoint collection of open subsets of $X(i<\omega)$
$\mathrm{s}.\mathrm{t}$ . $H_{i}<\mathcal{G}_{i}$ $(i<\omega)$ , $\bigcup_{i<\omega}H_{i}$ : cover of $X$.
Addis Gresham
(Addis and Gresham [1])
countable-dimensional $hereditarilyparacompact\Rightarrow C$ $\Rightarrow$ $A$ -weakly infinite-dimensional
3 $C$-space $\mathrm{H}-C$-space




$X$ : $C- space\Rightarrow(X, d)$ : H-C-space
$\epsilon_{i}>0$ $\mathcal{G}_{\overline{l}}=\{U(x, \epsilon_{i}/2) : x\in X\}$ l $\mathrm{A}\mathrm{a}$
$(X, d)$
$(X, d)$
$X$ : $C- space\Leftrightarrow(X, d)$ : H-C-space
\Rightarrow \Leftarrow
open cover $\mathcal{G}_{i}$ of $X$ $\mathcal{G}_{i}$ $\epsilon_{i}$ l
$\mathrm{A}\mathrm{a}$
R. Pol weakly infinite-dimensional $Y$ A-weakly infinite-
dimensional $Y$ $X$
$X$ H-C-space $C$-space G $\mathrm{A}\mathrm{a}$
$Y$ $C$-space ) $Y$ ( H-C-space














$I=[0,1]$ $C$-space 0 $C$-space
(Addis and Gresham [1]) $W_{0}=[0,\omega_{1})$ $\dim W_{0}=0$ $C$-space
paracompact $C$-space
(Addis and Gresham[1])paracompact $X$






(2) $\forall \mathcal{G}$ : $f\underline{inite}$ open cover of $X$
$\exists H_{i}(i=0,1, \ldots, n)$ : paimise disjoint collection of open subsets of $X$
$s.t$ . $\prime H_{i}<\mathcal{G}$ $(i=0,1, \ldots, n)$ , $\bigcup_{i=0^{H}:}^{n}$ : cover of $X$
(3) $\forall \mathcal{G}$ : locally finite open cover of $X$
$\exists H_{i}(i=0,1, \ldots, n)$ : paimise disjoint collection of open subsets of $X$






$(\#)$ $\forall \mathcal{G}$ : finite ( locally finite) open cover of $X$
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$\exists \mathcal{H}_{i}(\mathrm{i}<\omega)\ovalbox{\tt\small REJECT}$ pairwise disjoint collection of open subsets of $X$
$\mathrm{s}\mathrm{t}$ . $\mathcal{H}_{i}<\mathcal{G}$ $(\ovalbox{\tt\small REJECT}<\omega)$ , $\ovalbox{\tt\small REJECT} J_{i<w}\mathcal{H}\ovalbox{\tt\small REJECT}$ cover of $X$
$(\#)$ $C$-space Hilbert cube $I^{\omega}$ $(\#)$
Ostrand’s theorem
$X$
(1) $\dim X\leq n$
(2)
$\forall \mathcal{G}_{i}(i=0,1, \ldots, n)$ : $f\underline{inite}$ open cover of $X$
$\exists H_{i}(i=0,1, \ldots, n)$ : pairwise disjoint collection of open subsets of $X$
$s.t$ . $\mathcal{H}_{i}<\mathcal{G}_{i}$ $(i=0,1, \ldots, n)$ , $\bigcup_{i=0}^{n}H_{i}$ : cover of $X$
(3) $\forall \mathcal{G}_{i}(i=0,1, \ldots, n)$ : locally finite open cover of $X$
$\exists H_{i}(i=0,1, \ldots, n)$ : pairwise disjoint collection of open subsets of $X$
$s.t$ . $?\{_{i}<\mathcal{G}_{i}$ $(i=0,1, \ldots, n)$ , $\bigcup_{i=0}^{n}H_{i}$ : cover of $X$






(1) $X$ : $C_{f^{-}}space$
$\Leftrightarrow^{f}\forall \mathcal{G}_{i}de$ : finite open cover of $X$ $(i<\omega)$
$\exists H_{i}$ : pairwise disjoint collection of open subsets of $X(i<\omega)$
$\mathrm{s}.\mathrm{t}$ . $\gamma\{_{i}<\mathcal{G}_{i}$ $(i<\omega)$ , $\bigcup_{i<\omega}H_{i}$ : cover of $X$
(2) $X$ : $C_{\ell f}$ -space
$\Leftrightarrow^{f}\forall \mathcal{G}ide$ : locally finite open cover of $X$ $(i<\omega)$
$\exists H_{i}$ : pairwise disjoint collection of open subsets of $X(i<\omega)$
$\mathrm{s}.\mathrm{t}$ . $H_{i}<\mathcal{G}_{i}$ $(i<\omega))$ $\bigcup_{i<\omega}?\{_{i}$ : cover of $X$
$C\Rightarrow C_{\ell f}\Rightarrow C_{f}$
$X$






$\Leftrightarrow\forall \mathcal{U}\ f$ : $\mathrm{f}\underline{\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}}$ open cover of $X$ $\exists \mathcal{V}$ : open refinement of $\mathcal{U}\mathrm{s}.\mathrm{t}$ . $\mathrm{o}\mathrm{r}\mathrm{d}\mathcal{V}\leq n+1$
Dowker finite cover locally finite cover
Dowker’s theorem $X$
$\dim X\leq n$
$\Leftrightarrow\forall \mathcal{U}$ : locally finite open cover of $X$
$\exists \mathcal{V}$ : open refinement of $\mathcal{U}$ $s.t$ . $ord\mathcal{V}\leq n+1$
$\dim$ finite cover $C_{f}$-space $C_{\ell f}$-space
$C_{f^{-}}\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}$ Sum Theorem $C_{\ell f}$-space
( $C_{f}$-space





(1) $X$ $n\geq 2$
$X$ : $C_{n}$ -space
&f
$\Leftrightarrow\forall \mathcal{G}_{i}$ : open cover of $X$ with $\#\mathcal{G}_{i}\leq n$ $(i<\omega)$
$\exists H_{i}$ : pairwise disjoint collection of open subsets of $X(i<\omega)$
$\mathrm{s}.\mathrm{t}$ . $H_{i}<\mathcal{G}_{i}$ $(i<\omega)$ , $\bigcup_{i<\omega}H_{i}$ : cover of $X$
(2) $X$
$X$ : $C_{\infty}- space\Leftrightarrow Xdef$ : $C_{n}$-space for every $n\geq 2$
$C\Rightarrow C_{\ell f}\Rightarrow C_{f}\Rightarrow C$ $\Rightarrow\cdots\Rightarrow C_{n+1}\Rightarrow C_{n}\Rightarrow\cdots\Rightarrow C_{2}\Leftrightarrow A- w.i.d$ .
Rohm[9]
(Rohm [9]) $X$ $n\geq 2$
$C_{n}- space\Leftrightarrow C_{n+1^{-}}space$
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$C_{\infty}- space\Leftrightarrow C_{n}$ -space
$W_{0}$ $C_{\ell f}$-space $C$-space
(1) $\dim$ Dowker’s thorem cover locally finite cover
finite cover $C_{f^{-}}\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}\Leftrightarrow C_{\ell f}$ -space
..
(2) $C- \mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}\Leftrightarrow C_{f^{-}}\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}$
$C- \mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}\Leftrightarrow A- \mathrm{w}.\mathrm{i}.\mathrm{d}.$
$C_{f^{-}}\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}\Leftrightarrow C_{\infty}- \mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}$
5A-w. $\mathrm{i}.\mathrm{d}$ . Sum Theorem
w.i.d.
Countable Sum Theorem $(\mathrm{L}\mathrm{e}\mathrm{v}\check{\mathrm{s}}\mathrm{e}\mathrm{n}\mathrm{k}\mathrm{o}[6]\backslash )$
$X$ : countably paracompact ( hereditardy normal)
$X= \bigcup_{i<\omega}F_{i},$ $F_{i}$ : closed A-tn. $i.d$ . $(i<\omega)$
$\Rightarrow$ $X$ : A-w. $i.d$ .
Locally Finite Sum Theorem (Hadziivanov [3])
$X$ : countably paracompact
$X= \bigcup_{s\in S}F_{s}$ $\{F_{s}: s\in S\}$ : locally finite, $F_{s}$ : closed A-w. $i.d$. $(s\in S)$
$\Rightarrow$ $X$ : A-w. $i.d$ .
Hereditarily Closure-preserving Sum Theorem (Polkowski [8])
$X$ : hereditardy nomal
$X= \bigcup_{s\in S}F_{s}$
$\{F_{s}: s\in S\}$ : hereditarily closure-preserving) $F_{s}$ : closed A-w. $i.d$. $(s\in S)$
$\Rightarrow$ $X$ : A-w. $i.d$ .
acollection $\{A_{s}: s\in S\}$ of subsets of $Xf\mathrm{J}^{\mathrm{a}}$’he$r$editarily closure-preserving $\text{ }l\mathrm{h}_{\text{ }}$
$\forall S’\subset S,$ $\forall B_{s}\subset A_{s}(s\in S’)$
$\mathrm{C}1(\cup B_{s})=\cup^{\mathrm{c}1B_{s}}s\in S’s\in S’$
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locally finite $\Rightarrow \mathrm{h}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{d}\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{l}\mathrm{y}$ closure-preserving
1
. Engelking [2] Hadziivanov hereditarily closure-preserving
countably paracompact Hereditarily Closure-preserving
Sum Theorem
6 $C$-space Sum Theorem
C-space Addis Gresham
Countable Sum Theorem (Addis and Gresham [1])
$X$ : hereditarily collectionwise nomal
$X= \bigcup_{i<\omega}F_{i},$ $F_{i}$ : closed C-space $(i<\omega)$
$\Rightarrow$ $X$ : C-space
Locally Finite Sum Theorem (Addis and Gresham [1])
$X$ : paracompact and hereditarily collectionwise nomal
$X= \bigcup_{s\in S}F_{s}$ $\{F_{s}:s\in S\}$ : locally finite, $F_{s}$ : closed $C$ -space $(s\in S)$
$\Rightarrow$ $X$ : C-space
Addis Gresham locally finite
Hereditarily Closure-preserving Sum Theorem
$A$-w.i.d. Sum Theorem
$X$
$\mathrm{L}\mathrm{e}\mathrm{v}\check{\mathrm{s}}\mathrm{e}\mathrm{n}\mathrm{k}\mathrm{o}$ countably paracompact hereditarily normal A-w.i.d.
Countable Sum Theorem Addis Gresham
hereditarily collectionwise normal $C$-space Countable Sum
Theorem $\mathrm{L}\mathrm{e}\mathrm{v}\check{\mathrm{s}}\mathrm{e}\mathrm{n}\mathrm{k}\mathrm{o}$ countably paracompact
Countable Sum Theorem
$X$ : countably paracompact and collectionwise nomal
$X= \bigcup_{i<\omega}F_{i},$ $F_{i}$ : closed $C$ -space $(i<\omega)$
$\Rightarrow$ $X$ : C-space
Hadziivanov Polkowski A-w.i.d. Sum Theorem
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Hereditarily Closure-preserving Sum Theorem
(1) $X$ : countably paracompact
$X= \bigcup_{s\in S}F_{s}$
$\{F_{s}: s\in S\}$ : hereditarily closure-preserving, $F_{s}$ : closed $C$ -space $(s\in S)$
$\Rightarrow$ $X$ : C-space
(2) $X$ : hereditardy collectionwise normal
$X= \bigcup_{s\in S}F_{S}$
$\{F_{s}:s\in S\}$ : hereditarily closure-preserving, $F_{s}$ : closed $C$ -space $(s\in S)$
$\Rightarrow$ $X$ : C-space
$X$ (2) paracompact 2
$X$ : countably paracompact $C$ -space $\Rightarrow$ $X$ : paracompact
$X$
$X= \bigcup_{s\in S}F_{s}$
$\{F_{s}: s\in S\}$ : hereditarily closure-preserving $fF_{s}$ : closed paracompact $(s\in S)$
$\Rightarrow$ $X$ : paracompact
7 $C_{f}$-space Sum Theorem
4 $C_{f}$-space $C_{f}$-space Sum Theorem
$A$-w.i.d.
(1) $\mathrm{C}\mathrm{o}\mathrm{u}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$ Sum Theorem
$X$ : countably paracompact ( hereditardy nomal)
$X= \bigcup_{i<\omega}F_{i},$ $F_{i}$ : closed $C_{f}$ -space $(i<\omega)$
$\Rightarrow$ $X$ : $C_{f^{-}}space$
(2) $\mathrm{H}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{d}\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{l}\mathrm{y}$ Closure-preserving Sum Theorem
$X$ : countably paracompact ( hereditarily normal)
$X= \bigcup_{s\in S}F_{s}$
$\{F_{s}:s\in S\}$ : hereditarily closure-preserving, $F_{s}$ : closed $C_{f^{-}}space(s\in S)$
$\Rightarrow$ $X_{f}$ : C-space
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8 H-C-space Sum Theorem
Haver C-space H-C-space
Sum Theorem
(1) $\mathrm{C}\mathrm{o}\mathrm{u}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$ Sum Theorem
$(X, d)$
$X= \bigcup_{i<\omega}F_{i},$ $(F_{i}, d_{F}\dot{.})$ : closed H-C-space $(i<\omega)$
$\Rightarrow$ $(X, d)$ : H-C-space
(2) $\mathrm{H}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{d}\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{l}\mathrm{y}$ Closure-preserving Sum Theorem
$(X, d)$
$X= \bigcup_{s\in S}F_{s}$
$\{F_{s}:s\in S\}$ : hereditarily closure-preserving, $(F_{s}, d_{F_{s}})$ : closed H-C-space $(s\in S)$ .
$\Rightarrow$ $(X, d)$ : H-C-space
9 $\mathrm{P}\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}-\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}$ Sum Theorem f
Point-finite Sum Theorem
Point-finite Sum Theorem for A-w.i.d.(cf. Engelking [2])
$X$ : countably paracompact ( here.ditarily normal)
$X= \bigcup_{s\in S}F_{s}$
$\{U_{s}:s\in S\}$ : point-finite $s.t.F_{s}\subset U_{s}$ , $F_{s}$ : closed A-w. $i.d$. $(s\in S)$
$\Rightarrow$ $X$ : A-w. $i.d$.
Engelking [2] dimensional property $P$
3 (1) $\sim(3)$ Point-finite Sum Theorem for $P$
(1) Closed Subspace Theorem for $P$
(2) Discrete Sum Theorem for $P$
(3) $X= \bigcup_{n<\omega}K_{n}$ , $K_{n}$ : $P$ , $\bigcup_{i\leq n}K_{i}$ : closed $(n<\omega)$
$\Rightarrow$ $X$ : $P$
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$C- \mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}_{\backslash }C_{f^{-}}\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}_{\backslash }H- C- \mathrm{s}\mathrm{p}\mathrm{a}\ovalbox{\tt\small REJECT}$ 3
(1) Point-finite Sum Theorem for C-spaces
X.$\cdot$ countably paracompact collectionwise normal
( hereditarily collectionwise normal)
$X= \bigcup_{s\in S}F_{s}$
$\mathrm{t}$
$\{U_{s}:s\in S\}$ : point-finite $s.t$ . $F_{s}\subset U_{s}$ , $F_{s}$ : closecl $C$ -space $(s\in S)$
$\Rightarrow$ $X$ : C-space
(2) $\mathrm{P}\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}$-finite Sum Theorem for $C_{f}$-spaces
$X.\cdot$ countably paracompact ( hereditarily normal)
$X= \bigcup_{s\in S}F_{s}$
$\{U_{s}: s\in S\}$ : point-finite $s.t$ . $F_{s}\subset U_{s}$ , $F_{s}$ : closed $C_{f}$ -space $(s\in S)$
$\Rightarrow$ $X$ : $C_{f^{-}}space$
(3) $\mathrm{P}\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}$ -finite Sum Theorem for H-C-spaces
$(X, d)$
$X= \bigcup_{s\in S}F_{s}$
$\{U_{s}:s\in S\}$ : point-finite $s.t$ . $F_{s}\subset U_{s}$ , $(F_{s}, d_{F_{s}})$ : closed H-C-space $(s\in S)$
$\Rightarrow$ $(X, d)$ : H-C-space
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